Abstract. We resolve the question of existence of regular rotating spiral waves as a consequence of only the processes of chemical reaction and molecular diffusion. We prove rigorously the existence of these waves as solutions of reaction-diffusion equations, and we exhibit them by means of numerical computations in several concrete cases. Existence is proved via the Schauder fixed point theorem applied to a class of functions with sufficient structure that, in fact, important constructive properties such as asymptotic representations and frequency of rotation are obtained.
1. Introduction. Rotating spiral waves arise naturally and as models of spatially organized activity in various chemical and biochemical processes. The BelousovZhabotinsky reaction [1] , [2] provides a classic example. Experiments with this reaction in a two-dimensional medium (i.e., a thin layer in a Petri dish) produce spiral concentration patterns which rotate with constant frequency about a fixed center [3] , [4] . A. T. Winfree [2] , [5] proposes that these waves result from an interplay between the chemical process of reaction and the physical process of molecular diffusion, but rotating spiral patterns have not yet been obtained from reaction-diffusion equations. We prove the existence of these waves and exhibit them here.
Our demonstration of the existence of such rotating spiral waves which are smooth from the origin (the fixed center of the spiral) to infinity resolves the following important issue: Previous authors [6] , [7] have found asymptotic solutions which represent spiral waves far from a fixed origin, but no analysis is given to show that these asymptotic spirals correspond to solfftions that are smooth at the origin. In view of this failure, arguments have been advanced that a mechanism in addition to reaction and diffusion must be present to produce and possibly maintain spiral waves in the core of the spiral. Our results show that a rotating spiral wave can be maintained by reaction and diffusion alone. However, whether an additional mechanism (e.g., local precipitation) occurs in the actual chemistry is of course still an open question.
N. Kopell and L. N. Howard [8] have introduced a simple mathematical model of a reaction-diffusion process called a A-co system. The equations are
where A and co are given functions of R x/U2+ V2. A(R) is assumed to be a decreasing function that passes through zero when R 1, so that the spatially independent solutions of (1.1) asymptotically approach a limit cycle with amplitude R 1 and frequency co-co(l). We rigorously prove the existence of smooth spiral wave solutions for a certain class of A-co systems. Although it is commonly claimed that the A-co systems do not actually correspond to any particular physical situation, we show that in fact, a A-co system arises naturally as the dominant system in the asymptotic analysis of more general reaction diffusion systems actually describing specific physical processes.
In 4, we prove our main result that for a certain class of functions A (p) and w(p), The above solutions are computed by the shooting method, where the shooting parameter is the derivative of p at r=0. The iterations are continued until the exponential instabilities of the numerical solution are delayed until r 20. We then use the computed solution for 0 < r < 15. By making small changes in the shooting parameter, we are able to make the exponential instability positive or negative. This gives confidence that the procedure actually approximates a true solution. Upon substituting (4.3) and (4.6) into (1.2), we obtain (1.4).
Remark II. Numerical computations in addition to those presented in 3 suggest that the limitation on the size of e in our proof is necessary, i.e. for e large there are no solutions. Moreover the solution, when it exists, may not be unique.
Remark III. We have expressed 11= o(p(oo)) as a consequence of our analysis. However, as we saw in 2, we could equally well have taken this as one of the boundary conditions.
We proceed now to prove Theorem 4.1. We shall reduce the differential equations to integral equations and then apply Schauder's fixed point theorem. The unboundedness of the interval 0_-< r < oo introduces some complications, and rather precise a priori bounds for the solution for large r are needed to satisfy the compactness requirements necessary for Schauder's theorem to apply.
Proof. Without loss of generality we may assume a 1. Let now m > 0 be such that m2p+pA(p) is increasing in 0_-<p _-< 1; that is, take r#' > 0 is strictly decreasing and zr#' < r# for 0 < z < c, # is strictly increasing and 0 < r# < 1 for 0 < z < oo. Now, take 0 < a < fl < o and define F F(r), 6F 6F(r), f f(r) and 3f 3f(r) by We note that for n > 1 we must have/x => 1 and (4.1) is equivalent then to o'(a)= 0. The one-dimensional version of this problem (i.e., V2=-O2/Ox2) was studied by D. S. Cohen, F. C. Hoppensteadt, and R. M. Muira [11] . We shall generalize and extend their analysis to account for n-dimensional waves. Our approach is motivated by the observation that in various chemical and biochemical reactions, an oscillatory or periodic variation of reactants at each point in space will undergo a slow change or drift [11] . This takes place in the form of a slowly evolving envelope modulating the amplitude of rapid oscillations.
These observations motivate the study of (5.2) VxJust as in [11] we carry out the multi-scale perturbation procedure. The actual manipulation is lengthy but relatively straightforward if we use the solvability and orthogonality conditions derived in [11] , and thus, we simply state the results here.
We find that Here D 1/2(D1 + D2), and p(R) and q(R) are nonlinear functions of R depending on the nonlinearities f and g in the original system (5.2). The actual form of p(R) and q(R) is not important here. All we need note is that the equations (5.8) governing the slowly varying amplitude R and phase O are of precisely the form (2.1) which itself is the polar form of the general A-w system (1.1).
